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This work aims to determine the general solution f : F2 → K of the functional equation
f (φ(x, y, u, v)) = f (x, y) f (u, v) for suitable conditions on the function φ : F4 → F2,
whereFwill denote eitherR orC, andK is an abelian group. Using this result, we determine
the solution f : C2 → C⋆ of the functional equation f (ux − vy, uy + v(x + y)) =
f (x, y) f (u, v) for all x, y, u, v ∈ Cwithout assuming any regularity condition. Here (C⋆, ·)
is the multiplicative group of nonzero complex numbers.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The simple identity
x4 + y4 + (x+ y)4 = 2(x2 + xy+ y2)2 (1.1)
is known as the Proth identity and was first published in 1878 (see [1]). It can be easily established by expanding the right
hand side and using the binomial theorem. If we denote the quadratic form on the right hand side of (1.1) by
f (x, y) = x2 + xy+ y2 (1.2)
then it can be easily verified that
f (ux− vy, uy+ v(x+ y)) = f (x, y) f (u, v) (1.3)
for all x, y, u, v ∈ R. However, it is not so obvious that the function f given in (1.2) is the only solution of (1.3).
If we represent a given positive integer n as f (x, y), where x and y are integers, then we have a representation of 2n2 as a
sum of three fourth powers: x4+y4+(x+y)4. The functional equation (1.3) says that if two integers have representations of
the form f (x, y), then so does their product. The authors of [1] gave a simple proof of the following result: For every positive
integer m, there is an integer n with at least m proper representations as the sum of three fourth powers. As an example, suppose
m = 4; then one can find an integer n, namely n = 1729, such that 2 · 17292 can be expressed as three fourth powers in
four ways:
2(1729)2 = 84 + 374 + 454 = 34 + 404 + 434 = 234 + 254 + 484 = 154 + 324 + 474.
As regards the integer 1729, once Ramanujan said to Hardy that the number 1729 is an interesting number because it is the
smallest number expressible as the sum of two cubes in two different ways (namely 93 + 103 = 13 + 123 = 1729). To
prove the above result the authors of [1] have used Eq. (1.3). Although the functional equation (1.3) appeared in [1], it was
not solved in [1].
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The main goal of this work is to determine the general solution f : F2 → K of the functional equation f (φ(x, y, u, v)) =
f (x, y) f (u, v) for suitable conditions on the function φ : F4 → F2, where F will denote either R or C, and K is an abelian
group. Using this general result, we also determine the complex-valued solution of the functional equation (1.3) for all
x, y, u, v ∈ C. without assuming any regularity condition. The interested reader should refer to [2–5] for information on
functional equations.
2. Solution of the functional equation
In the sequel, all semigroups and groups will be denoted using multiplicative notation. A function M defined on a
semigroup H and taking values on a semigroup K is said to be a semigroup morphism if and only ifM(xy) = M(x)M(y) for
all x, y ∈ H . If the semigroup operations in H and K are both multiplication, then the semigroup morphismM is said to be a
multiplicative function. If the semigroup operations in H and K are both addition, then the semigroup morphismM is said
to be an additive function. If the semigroup operation of H is addition and the semigroup operation of K is multiplication,
then the semigroupmorphismM is said to be an exponential function. If the semigroup operation of H is multiplicative and
the semigroup operation of K is addition, then the semigroup morphismM is said to be a logarithmic function. For more on
additive, multiplicative, exponential and logarithmic functions the interested reader is referred to [2–5]. Letm and n be two
positive integers. If G is a set closed under multiplication, the product of x, y ∈ Gn will be defined by
xy = (x1, x2, . . . , xn)(y1, y2, . . . , yn) = (x1y1, x2y2, . . . , xnyn).
If f : Gn → Gm, then we define the coordinate functions fi : Gn → G, i = 1, 2, . . . ,m, by means of the expression
f (t) = (f1(t), f2(t), . . . , fm(t)), t ∈ Gn.
Theorem 2.1. Let H be a commutative semigroup, K be an abelian group and F be either the field of real numbers R or the field
of complex numbers C. Let φ : F4 → F2 be a function such that there exists a bijective function α : F2 → H2 satisfying
α(φ(x, y, u, v)) = α(x, y) α(u, v). (2.1)
Then, the general solution f : F2 → K of the functional equation
f (φ(x, y, u, v)) = f (x, y) f (u, v) (2.2)
for all u, v, x, y ∈ F is given by
f (x, y) = M1(α1(x, y))M2(α2(x, y)) (2.3)
where M1,M2 : H → K are semigroup morphisms, and α1, α2 are coordinate functions of α : F2 → H2.
Proof. Define the function g : H2 → K as
g(x, y) = f (α−1(x, y)) (2.4)
for all x, y ∈ H . Then
f (x, y) = g(α(x, y)) (2.5)
for all x, y ∈ F. Now use (2.5) to rewrite (2.2) in terms of g as
g(α(φ(x, y, u, v))) = g(α(x, y)) g(α(u, v))
for all u, v, x, y ∈ F. However, by (2.1) this equation is just
g(α(x, y) α(u, v)) = g(α(x, y)) g(α(u, v))
for all u, v, x, y ∈ F. Since α is surjective, it follows that
g(xu, yv) = g(x, y) g(u, v) (2.6)
for all u, v, x, y ∈ H . Fix a ∈ H . Then, using (2.6) we have
g(x, y) = g(x, y)g(a, a)g(a, a)g(a, a)−2
= g(xaa, yaa)g(a, a)−2
= g((xa)a, a(ya))g(a, a)−2
= g(xa, a)g(a, ya)g(a, a)−2
= g(xa, a)g(a, a)−1g(a, ya)g(a, a)−1
= M1(x)M2(y)
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where
M1(x) := g(xa, a)g(a, a)−1
and
M2(y) := g(a, ya)g(a, a)−1.
Now we show thatM1,M2 are semigroup morphisms on H . Since
M1(xy) = g(xya, a)g(a, a)−1
= g(xya, a)g(a, a)g(a, a)−2
= g(xyaa, aa)g(a, a)−2
= g(xaya, aa)g(a, a)−2
= g(xa, a)g(ya, a)g(a, a)−2
= g(xa, a)g(a, a)−1g(ya, a)g(a, a)−1
= M1(x)M1(y),
the functionM1 is a semigroup morphism. Similarly, one can show that
M2(xy) = M2(x)M2(y)
and henceM2 is a semigroup morphism. Thus
g(x, y) = M1(x)M2(y) (2.7)
for all x, y ∈ H , where M1 and M2 are semigroup morphisms. Finally, using (2.7) in (2.5), we obtain the asserted solution
(2.3). Now the proof of the theorem is complete. 
Remark 2.2. Theorem 2.1 also holds if we replace F by an arbitrary field.
Let (C,+, ·) be the field of complex numbers and (C⋆, ·) be the multiplicative group of nonzero complex numbers.
Further, let (R⋆, ·) be the multiplicative group of nonzero real numbers.
Theorem 2.3. The function f : C2 → C⋆ satisfies the functional equation
f (ux− vy, uy+ v(x+ y)) = f (x, y)f (u, v) (2.8)
for all u, v, x, y ∈ C if and only if
f (x, y) = M1

x+ 1+ i
√
3
2
y

M2

x+ 1− i
√
3
2
y

(2.9)
where M1,M2 : C→ C⋆ are multiplicative functions.
Proof. Let φ : C4 → C2 be defined by
φ(x, y, u, v) = (ux− vy, uy+ v(x+ y)) (2.10)
for all x, y, u, v ∈ C. Let α : C2 → C2 be given by
α(x, y) =

x+ 1+ i
√
3
2
y, x+ 1− i
√
3
2
y

. (2.11)
Then clearly α : C2 → C2 is a bijection and
α−1(x, y) =

3+ i√3
6
x+ 3− i
√
3
6
y,
i
√
3
3
(y− x)

. (2.12)
Using (2.10) and (2.11), it is easy to verify that
α(φ(x, y, u, v)) = α(x, y) α(u, v).
Hence applying Theorem 2.1 with F = C,H = C and K = C⋆ we have the asserted solution f (x, y) as stated in (2.9). 
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Theorem 2.4. The general solution f : R2 → R⋆ of the functional equation
f (ux− vy, uy+ v(x+ y)) = f (x, y)f (u, v) (2.13)
for all u, v, x, y ∈ R is given by
f (x, y) = M(x2 + xy+ y2) (2.14)
where M : R→ R⋆ is a multiplicative function.
Proof. Let S = {(z, z¯) | z ∈ C}. Then, the function α : R2 → S defined by (2.11) is clearly bijective. Moreover, following
the proof of Theorem 2.1, it is easy to show that the function g : S → R⋆ defined by (2.4) satisfies the equation
g(zw, zw) = g(z, z¯)g(w, w¯) (2.15)
for allw, z ∈ C. Thus, the functionMo : C→ R⋆ defined by
Mo(z) = g(z, z¯)
is multiplicative. Therefore
f (x, y) = Mo

x+ 1+ i
√
3
2
y

is the general solution of (2.15). From (2.15) we also see that
f (x, y) = Mo

x+ 1− i
√
3
2
y

is also the general solution of the above functional equation (2.13) and thusMo(z) = Mo(z¯). Hence
f (x, y) =
Mo x+ 1+ i√32 y

Mo

x+ 1− i
√
3
2
y

= Mo(

x2 + xy+ y2)
= M(x2 + xy+ y2)
whereM : R→ R⋆ is a multiplicative function. The proof of the theorem is now complete. 
3. Concluding remark
It would be interesting if one could find an answer for at least one of the following questions:
(1) Given φ, when is it possible to find α in Theorem 2.1? That is, what algebraic (or even analytical) conditions are needed
for one to be able to guarantee the existence of α?
(2) If α does not exist for a given φ, is there a way of solving (2.2)?
(3) If α does not exist for f : F2 → K , is it possible to show its existence for some K ⊃ F?
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